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In this paper, we examine the cosmological dynamics of a slotheon field in a linear potential.
The slotheon correction term G
µν
2M2
pi;µpi;ν respects the galileon symmetry in curved space time. We
demonstrate the future evolution of universe in this model. We show that in this scenario, the
universe ends with the Big Crunch singularity like the standard case. The difference being that the
time at which the singularity occurs is delayed in the slotheon gravity. The delay crucially depends
upon the strength of slotheon correction. We use observational data from Type Ia Supernovae,
Baryon Acoustic Oscillations, and H(z) measurements to constrain the parameters of the model for
a viable cosmology, providing the corresponding likelihood contours.
I. INTRODUCTION
From the time when scientist have proved that the Big-
Bang is the most plausible theory to describe the begin-
ning of the universe, the scientific exploration of the ulti-
mate fate of the universe has grabbed attention. Within
the framework of Einstein’s theory of general relativity it
has been shown that, the fate of the universe consisting
of pressure less dust depends on its spatial geometry. A
matter dominated universe will expand forever if its spa-
tial geometry is hyperbolic or will eventually re-collapse
if the spatial geometry is that of a three sphere. From the
cosmological observations of Supernovae Ia (SnIa)[1] and
Cosmic Microwave Background (CMB)[2], it is evident
that this simple picture is not true as the universe con-
sists of an additional mysterious component, other than
radiation and matter. The fate of universe with this addi-
tional component is recently investigated in literature[3]
and has been found that universe generally ends with
a collapse. This additional component is in form of an
exotic perfect barotropic fluid with large negative pres-
sure, dubbed dark energy, which accounts for a repulsive
effect causing acceleration[4–6]. The recent cosmic accel-
eration is perhaps the most interesting phenomenon and
nevertheless a very challenging task to the cosmologists
to reveal the reason behind it. Lots of models exist in the
literature which try to describe this phenomenon, how-
ever till this date we are unable to reach any conclusion.
Initially, right after the discovery of this phenomenon,
the reason behind this cosmic acceleration was thought
to be the presence of cosmological constant in the uni-
verse. It is the most simple and consistent theory which
fits the observations very well but is plagued with number
of theoretical problems, such as the fine tuning and the
coincidence problem. To address these problems, alter-
native dynamical models of dark energy were proposed,
one of which are the scalar field models[7–10]. Though
scalar fields too are not free from the problems associated
with the cosmological problems yet some models having
generic features, like the trackers are capable of alleviat-
ing the problems. The major difficulty with the scalar
field models are that, a large number of such models are
permissible by the observational data which makes it dif-
ficult to actually pin point the actual reason behind the
current phenomena of cosmic acceleration. One must
therefore wait for the future observational data which
might eliminate some of these models and narrow down
the class of permissible scalar field dark energy models.
The other approach to advocate the present cosmic ac-
celeration is the infra-red modification of the gravity i.e.,
the modification of the gravity on the large scales. The
fact that the quantum mechanical corrections of gravity
at the small scales are beyond the observational reach at
the present day, indicates the possibility that the gravity
may also suffer modifications at the large scales where it
is not possible to test it directly. The modified gravity
models have already been proposed on the phenomeno-
logical grounds [11]. Moreover these modification can
also arise as the effects of the existence of the higher
dimensions in the universe [12]. Building an alternate
theory of gravity is a tough task as the viable theory
should be free from the negative energy instabilities such
as ghost or tachyon instability. Also the theory should
be close to ΛCDM yet should be distinguishable from it.
The galileon theories are one of such alternate theories
of gravity which arises at the decoupling limit of Dvali-
Gabadadze- Porrati (DGP) model [13]. The galileon the-
ories are a subclass of scalar tensor theories which in-
volve only up to second order derivatives as a result the
ghosts do not appear in these theories. These features
were originally found in the Horndeski theory [14]. The
Lagrangian of the galileon field π respects the shift sym-
metry in the flat spacetime given by,
π → π + a+ bµxµ (1)
where a is a constant and bµ is a constant vector.
The present and the future cosmological implication
of galileon action has been extensively studied in the
literature[15–17]. Recently the galileon theory has been
generalised to the curved spacetime [18], such that the
modified shift symmetry is given by,
π(x)→ π(x) + c+ cµ
∫ x2
C,x1
ξµ , (2)
2where ξµ is a given set of killing vector and x1 and x2
are two reference points connected by curve C. c is a con-
stant and cµ is a constant vector. It is shown that the
Lagrangian L = − 12gµν∂µπ∂νπ + G
µν
2M2 ∂µπ∂νπ respects
this shift symmetry[18] and in the corresponding scalar
field in the flat space time limit moves slower than that
in the canonical theory. This is solely due to the extra
gravitational interaction present in the theory. For this
reason the scalar field π is called the “Slotheon”. The
authors of [21] have demonstrated the cosmological dy-
namics of slotheon field in a potential and have shown
that the slotheon term gives rise to a viable ghost-free
late-time acceleration of the universe.
In the work [20] authors have shown that the “high f”
issue of the pNGB quintessence can actually be resolved
if terms like G
µν
2M2 ∂µπ∂νπ are present in the theory. The
shift symmetry of the pNGB field can be broken by the
presence of a 5-branes placed in highly warped throats
[22]. As a result, the effective potential for the axions
are slowly varying and can be approximated to a linear
potential for the axions.
Motivated by this, here we will explore the cosmolog-
ical dynamics of the slotheonic scalar field π in a linear
potential. Linear potential has been used to explain the
late time cosmic acceleration in various literatures[23].
The dynamics of linear potential is such that it is quite
insensitive to the initial conditions and it ends with a
collapse of universe[24].
The paper is organised as follows. In the next section
we describe the dynamics of slotheon field for a linear
potential in the expanding universe. The equations are
solved numerically starting from the matter dominated
era to the accelerated phase. The future evolution of
the scalar fields are also found to check the bounce and
collapse in future.
II. SCALAR FIELD DYNAMICS
We consider a slotheon field π with the action:
S =
∫
d4x
√−g
[1
2
(
M2plR−
(
gµν − G
µν
M2
)
π;µπ;ν
)
− V (π)
]
+ Sm
[
ψm; e
2βpi/Mplgµν
]
, (3)
where MPl is the Planck mass given by MPl = 1/8πG
and M is a mass scale associated with the slotheon field
π. R is the Ricci scalar, ψm is the matter field which
couples to π with coupling constant β. Here we consider
a linear potential as:
V (π) = V0π , (4)
where V0 is a constant, Varying the above action, we
obtain the equation of motions as,
M2PlG
µν = T µν(m) + T
µν
(r) + T
µν
(pi) , (5)
1
M2
[
R
2
−Rµνπ;µν
]
− V ′(π) = − β
MPl
T(m) , (6)
where T µν(m), T
µν
(r) , T
µν
(pi) are the energy momentum tensors
for the matter, radiation and the scalar field π respec-
tively. The symbol “;” denotes the covariant derivative
and “′” denotes the derivative with respect to the scalar
field π.
T (pi)µν = π;µπ;ν −
1
2
gµν(∇π)2 − gµνV (π)
+
1
M2
[1
2
π;µπ;νR− 2π;απ(;µRαν) +
1
2
π;απ
;αGµν
− π;απ;βRµανβ − π;αµπα;ν + π;µνπ α;α
+
1
2
gµν [π;αβπ
;αβ − (π α;α )2 + 2π;απ;βRαβ ]
]
. (7)
Due to the gravitational interaction of π with the space-
time curvature, there arises a friction as a result of which
the velocity of the field π is less than corresponding veloc-
ity of the canonical scalar field with same energy[18, 19]..
This holds true even if we add a potential V (π) > 0.
Though due to the presence of potential the action is
not π-parity invariant, yet it is free from Ostrogradsky
ghost problem. In a spatially flat FLRW background, the
equations of motion take the form
3M2PlH
2 = ρm + ρr +
π˙2
2
+
9H2π˙2
2M2
+ V (π) ,
(8)
M2Pl(2H˙ + 3H
2) = −ρr
3
− π˙
2
2
+ V (π) +
π˙2
2M2
(
2H˙ + 3H2
)
+
2Hπ˙π¨
M2
, (9)
− β
MPl
ρm = π¨ + 3Hπ˙ +
3H2
M2
(
π¨ + 3Hπ˙ +
2H˙π˙
H
)
+ V ′(π). (10)
The equations for the conservation of energy follow
from the ∇µT µν (φ) = βMPl Tm∇νφ and ∇µT µν (φ) =
− βMPl Tm∇νφ, where ∇µ represents the covariant deriva-
tive and Tm = −ρm. The equations for the conservation
of energy are therefore given by,
ρ˙m + 3Hρm =
β
MPl
π˙ρm, (11)
ρ˙r + 4Hρr = 0 (12)
H is the Hubble parameter given by a˙/a where a is the
scale factor of the universe.
The acceleration equation is given by:
a¨
a
=
1
−2M2Pl + p˙i
2
M2
[
M2PlH
2
0Ω
0
ma
−3 + 2M2PlH
2
0Ω
0
ra
−4
+
2
3
π˙ +
π˙2H2
M2
− 2
3
V (π) − 2Hπ˙π¨
M2
]
. (13)
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Figure 1: The left panel (a): Density parameters of matter(Ωm), radiation(Ωr) and field(Ωpi) for potential (4) are shown here
with V0 = 1 and β = 0.01. The right panel(b): The cosmic evolution of the total effective equation of state weff for the same
values of V0 and β is shown.
Ω0m and Ω
0
r is the present density parameter for matter
fluid and radiation respectively. Next we define the di-
mensionless quantities:
H0t→ tn, π
MPl
→ πn, V0
MPlH20
→ V0n, H
2
0
M2
→ µ (14)
In terms of these dimensional quantities the Eqs.10 and
13 becomes,
π¨n+3Hπ˙n+V0n+3H
2µ
(
π¨n+3Hπ˙n+
2H˙π˙
H
)
= −3βΩ0ma−3,
(15)
a¨
a
=
1
(−2 + µπ˙2)
[
Ω0ma
−3 + 2Ω0ra
−4 +
2
3
π˙n +H
2µπ˙2n
− 2
3
V0nπn − 2Hµπ˙nπ¨n
]
(16)
Here the subscript ‘n’ refers to the new quantities and
the time derivative is taken with respect to tn . We later
drop the subscript ‘n’ for convenience. It is now straight-
forward to solve these two equations numerically given
the initial conditions. For this we assume that the uni-
verse was matter dominated in the early time. This gives
us the following initial conditions:
ain =
(
9Ω0m
4
)1/3
t
2/3
in ,
a˙in =
2
3
(
9Ω0m
4
)1/3
t
−1/3
in ,
πin = πin,
π˙in = 0. (17)
The initial condition for field πin is not a free param-
eter. We tune it to get the desired present value of
matter density(Ω0m ≈ 0.3) and scale factor(a(t0) = 1).
With these one can now solve the system numerically.
In the Fig.1, evolution of the density parameters of ra-
diation Ωr, matter Ωm and dark energy Ωpi as a func-
tion of redshift z are shown. As we have started from
matter dominated epoch, energy density of radiation Ωr
remains sub-dominant in the entire course of evolution.
It is quite evident from the figure that the transition
from the matter dominated era to the dark energy dom-
inated era takes place recently. Also in this figure we
show the evolution of the effective equation of state ωeff
(= −(1 + 2H˙/3H2)). As we start our evolution from
matter dominated epoch, the energy density of radiation
is negligible, therefore ωeff = 0 initially, and becomes
< −1/3 when the universe starts undergoing accelerated
expansion.
III. FUTURE EVOLUTION
We now look for the fate of universe in a slotheonic
gravity. From Eqs. 8 and 9
From Eqs.15 and 16, we notice that when µ = 0, the
equations reduces to the standard coupled quintessence
field. Therefore the strength of the slotheon gravitation
interaction depends on µ. Extrapolating Eqs.15 and 16,
to future such that the present values of density param-
eters matches the observed values(Ω0m ≈ 0.3), we get
the future cosmological dynamics of the slotheon grav-
ity. The dynamical evolution of field π and the scale
factor a for different values of µ is shown in Fig.2. Here
the present time t0 corresponds to tH0 = 1. We notice
that initially, the positive value of field drives a period of
accelerated expansion but later in future when the field
changes the sign, the potential becomes negative, even-
tually leading to the collapse of the scale factor to a Big
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Figure 2: The left panel (a) Evolution of the slotheon field pi for different values of µ with V0 = 1 and β = 0.01 The right
panel (b)Evolution of scale factor ‘a’ for different values of µ are shown for the same value of V0 and β.
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Figure 3: The left panel (a) Slow-roll parameters for V0 = 1, µ = 0.7 and β = 0.01. The right panel (b) Total energy density,
matter and field energy density for the same value of V0, µ and β.
Crunch singularity. We also notice that the change in
the sign of field and therefore the Big Crunch singularity
depends on the value of µ. For greater µ the collapse of
the scale factor is shifted to more distant future.
As the period of accelerated expansion varies with µ,
for a given µ one can determine the length of this pe-
riod by using the slow-roll parameters ǫ ≡ π˙2/2H2M2Pl
and δ ≡ π¨/Hπ˙. For acceleration these two parameters
should to be ≪ 1. Note that this analysis will give us an
approximate result as the slow-roll parameters are only
valid in the inflationary paradigm, where the field is the
only dominant component. In the present context, the
field begins to evolve in the matter dominated regime,
and even at present, the matter content is not negligible.
Though these traditional slow-roll parameters cannot be
connected to the motion of the field which essentially re-
quires that Hubble expansion is determined by the field
energy density alone, yet it may be helpful to give us a
rough idea about the period of acceleration.
In the left panel of fig.3 the slow-roll parameters for
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Figure 4: The equation of state of field (ωpi) for
different µ with V0 = 1 and β = 0.01.
µ = 0.7 is plotted, we notice that both ǫ and δ is ≪ 1
till a period of ≈ 9.5tH0 after which it rises steeply sig-
nifying the bounce and starting of the collapsing period.
It ultimately collapses at time ≈ 10tH0 which can also
be seen from the collapsing of scale factor in fig.2. We
also notice that the second slow-roll parameter (δ) is not
≪ 1 around the present time. This is due to the fact
that the assumption that they are valid at present time
implies an error in its estimation. Therefore the dynam-
ics is described well at times t ≫ t0. The right panel of
fig.3, shows the evolution of total energy density (ρtotal)
and energy densities of matter (ρm) and field (ρpi) from
early time until the collapse. We see that at early times
ρtotal ≈ ρm, as matter was dominant but with time as ρm
decreases, the field dominates, eventually ρtotal becomes
equal to ρpi around the present epoch. At the time when
slow-roll parameters are violated, the field rolling down
the potential reaches a point when π < 0 as a result of
which ρtotal drops to zero as H → 0 and a bounce occurs.
At this point of time the other components of universe
like matter, radiation or curvature are too less to influ-
ence this dynamics.
The future evolution of equation of state of field ωpi
(= Ppi/ρpi) is shown in fig.4, we notice that more the
strength of the slotheon field, more it diverges from the
standard coupled quintessence model (µ = 0).
IV. OBSERVATIONAL CONSTRAINTS ON
MODEL PARAMETERS
In this section, we constrain the parameters of the
model with the assumption of a flat Universe by using
the latest observational data.
We consider the Supernovae Type Ia observation which
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Figure 5: The 1σ(dark) and 2σ(light) likelihood
contours in the (Ωm0, µ) phase plane for V0 = 1 and
β = 0.01.
is one of the direct probes for late time acceleration. We
have utilized the Union2.1 compilation of the dataset
which comprises of 580 datapoints [25]. It measures the
apparent brightness of the Supernovae as observed by
us which is related to the luminosity distance DL is the
luminosity distance defined as
DL(z) = (1 + z)
∫ z
0
H0dz
′
H(z′)
, (18)
With this we construct the distance modulus µSN ,which
is experimentally measured:
µSN = m−M = 5 logDL + 25 , (19)
where m and M are the apparent and absolute magni-
tudes of the Supernovae respectively which are logarith-
mic measure of flux and luminosity respectively. Other
observational probe that has been widely used in re-
cent times to constrain dark energy models is related to
the data from the Baryon Acoustic Oscillations measure-
ments [26] by the large scale galaxy survey. In this case,
one needs to calculate the co-moving angular diameter
distance DV as follows:
DV =
[
zBAO
H(zBAO)
(∫ zBAO
0
dz
H(z)
)2] 13
(20)
or BAO measurements we calculate the ratio DV (z=.35)DV (z=.20) .
This ratio is a relatively model independent quantity and
has a measured value 1.736 ± 0.065. Next we use Hub-
ble data from red-envelope galaxies. 12 measurements
of the Hubble parameter H(z) at redshifts .2 < z < 1
are obtained from a high-quality spectra with the Keck-
LRIS spectrograph of red-envelope galaxies in 24 galaxy
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Figure 6: The 1σ(dark) and 2σ(light) likelihood
contours in the (Ωm0, β) phase plane for V0 = 1 and
µ = 0.7.
clusters[27]. The measurement at z = 0 was from HST
Key project [28].At this point we define the normalised
hubble parameter as h(z) = H(z)H0 and utilise it to derive
the value of new h(z). Using all these observational data,
we constrain the model parameters µ and β to see what
is allowed by the observational data. In fig.5 we show
the confidence contours in the (Ωm0, µ) parameter space.
We notice that µ is unconstrained by the data. The con-
fidence contours in parameter space (Ωm0, β) is shown in
fig.6 for µ = 0.7. We notice that β is constrained by the
data to small values β < 0.3.
V. CONCLUSION
In this work we investigated the slotheon gravity in
a linear potential. We have shown that cosmologi-
cal dynamics of this model is similar to the coupled
quintessence model at late times, thereby giving an accel-
erated expansion at recent time. The dynamics of linear
potential is such that triggers a collapse of universe[24].
The collapse occur when the field moves down slowly en-
counters a negative potential energy. The energy density
of the universe eventually becomes zero due to which the
universe bounces and a collapsing period starts domi-
nating by the kinetic energy of the field. Here we have
extended this formalism to the slotheon gravity to study
how it is different from the standard quintessence case.
When the slotheon gravity strength µ = 0, the slotheon
field reduces to the standard coupled quintessence. Gen-
erally in this case, in an expanding universe, a scalar
field will dominate the energy density around the present
epoch and drive a period of cosmic acceleration, followed
by a period of bounce and collapse. The nature of the
collapse is that of the Big Crunch singularity.
We have shown that when the slotheon gravity comes
into play (µ > 0), the fate of the universe is similar to
that of the standard case. The only difference is the
time at which the Big Crunch singularity occurs. It is
shown that the collapse is shifted to a distant future in
the slotheon gravity and can be made redundant for large
value of parameter µ. We have estimated the time of
bounce for a particular value of field strength (µ = 0.7)
using the slow-roll parameters. Though it gives an ap-
proximate result, yet it gives a rough idea about this
period and subsequent events following it.
We have also constrained the model parameters µ and
β by using the observational data from Supernovae Type
Ia, BAO and H(z) measurements. We see that all values
of slotheon gravity strength µ is allowed whereas small
values of the coupling constant β is preferred by the data.
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